The distribution of the wall shear stress on the bed and sidewalls of an open channel receiving lateral inflow was obtained from experimental measurements of the distribution of the velocity in the viscous sublayer using a laser doppler velocimeter. The experiments were conducted in a 0.4 m wide by 7.5 m long flume. Lateral inflow was provided into the channel from above via sets of nozzles positioned toward the downstream end of the flume. Lateral inflow was provided over a length of 1.9 m. The results indicate that the local boundary shear stresses are significantly influenced by lateral inflow. The significant variation occurs near and around the region where the lateral inflow enters the channel. At various measurement positions along the lateral inflow zone, mean boundary, mean wall, and mean bed shear stresses were obtained and compared. The results indicate that the mean boundary shear stresses increase from the upstream to the downstream ends of the lateral inflow zone. The results also indicate that the mean bed shear stress is always greater than the mean wall shear stress, which are approximately 30-60% of the mean bed shear stress. The friction factor in the Darcy-Weisbach equation was obtained from both the mean boundary shear stress and from the equation describing the water surface elevation in an open channel receiving lateral inflow ͑equation for spatially varied flow with increasing discharge͒. The results indicate that the estimated friction factors from the latter approach are significantly larger. Also, the estimated friction factors from both approaches are higher than the values predicted from the Blasius equation which describes the friction factor for wide uniform open channel flows. They were also higher than values predicted from the Keulegan equation, which is an empirically derived equation for flow in roof drainage gutters. The study highlights the deficiencies in the existing equations used to predict friction factors for spatially varied flow and that further research is required to explore the distribution of boundary shear stress in an open channel receiving lateral inflow.
Introduction
This paper describes an experimental investigation into the distribution of wall shear stress on the bed and sidewalls of a channel receiving lateral inflow. In this type of flow the discharge continuously increases in the longitudinal direction and this is termed spatially varied open channel flow with increasing discharge. This occurs in various situations. Examples include flow inside channel spillways and side weirs, in roof drainage gutters, in channels around sedimentation tanks, in wash water gutters at treatment plants, in irrigation distribution systems, and in overland flow under rainfall. The theoretical formulation and experimental investigation of spatially varied flow with increasing discharge have been of interest to many researchers in the fields of hydraulics, hydrology, and soil science. Theoretical studies in this area have been mainly based on a one-dimensional analysis of spatially varied flow. In this approach, the principle of linear momentum together with the equation of continuity have been used to develop an equation for variation of the water surface elevation ͑Hinds 1926 ; Faver 1933; Beij 1934; Camp 1940; Keulegan 1952; Li 1955; Yen and Wenzel 1970; Yen et al. 1972; Hager 1983 Considering the conservation of mass and momentum, and assuming that the pressure is hydrostatic over the cross section of the channel, the following equation for steady spatially varied flow with increasing discharge can be obtained, Yen and Wenzel ͑1970͒:
where A=cross-sectional area; h=flow depth; F=Froude number; U=average velocity over the channel cross section; U L =lateral inflow velocity at the water surface in the channel that may have an angle relative to the x direction ͑note: in this study lateral inflow always entered normal to the channel bed͒; q=lateral inflow rate per meter length; S 0 =channel slope; R=hydraulic radius; g=acceleration due to gravity; ␥=specific weight of the fluid; and 0x =boundary shear stress in the x direction. The traditional approach in open channel or pipe flow analysis is to evaluate the average boundary shear stress using Manning's equation or the Darcy-Weisbach equation. Strictly speaking, these equations are for uniform open channel or pipe flows. Using these equations for other cases may require adjusting the Man-ning's "n" and the Darcy's friction coefficients. Moreover, an estimation of the local boundary shear stress cannot be obtained using this approach. The purpose of this study is to measure the local boundary shear stresses, the average boundary shear stresses, and consequently the friction factor for an open channel receiving lateral inflow.
For spatially varied flow with increasing discharge, Keulegan ͑1952͒ estimated the friction factor in the Darcy-Weisbach equation using Beij's ͑1934͒ data. He estimated the friction factor from the measured water surface profiles by backsubstitution in the one-dimensional equation for spatially varied flow. Keulegan ͑1952͒ assumed that the velocity distribution is uniform and the distribution of pressure is hydrostatic. In addition, the longitudinal momentum due to the lateral inflow was ignored. The estimated friction factors were very large compared to the values produced from the Blasius equation for wide uniform open channel flows. Estimating the friction factor by this approach requires prior knowledge of the water surface elevation in the channel. Although this approach may be useful for practical purposes questions do arise. First, can Keulegan's estimated friction factors be used for flow situations other than those tested by Beij? Second, do the estimated friction factors truly represent the friction at the channel boundary? Third, what is the distribution of the local boundary shear stresses? These questions could not readily be answered in the past because no attempt has been made to conduct measurements of the boundary shear stresses in the case of spatially varied flow with increasing discharge.
This paper presents measurements of the local boundary shear stresses in an open channel receiving vertical inflow along the length of the channel. The average boundary shear stresses are first determined and this is followed by an estimation of the friction factors. The friction factors were estimated using a similar approach to Keulegan ͑1952͒, from the equation for spatially varied flow with increasing discharge. The results were compared with the Blasius equation for wide uniform open channel flows and with the equation obtained by Keulegan ͑1952͒ for flow in roof drainage gutters.
Determination of Boundary Shear Stress
Various techniques have been developed to determine the boundary shear stress in open channel flow. Examples include direct measurement, momentum balance evaluation, the use of liquid tracers and the assessment of wall similarity. A comprehensive review can be found in Brown and Joubert ͑1967͒, Winter ͑1977͒, Hanratty and Campbell ͑1983͒, Knight and Patel ͑1985͒, Haritonidis ͑1989͒, Farnhoiz et al. ͑1996͒, and Ackerman and Hoover ͑2001͒. In this study, the local boundary shear stresses were determined from an assumed linear distribution of velocity in the viscous sublayer using a laser doppler velocimeter ͑LDV͒. Mazumder et al. ͑1981͒, Kirgoz ͑1989͒, Ching et al. ͑1995͒, Durst et al. ͑1996͒, and Nezu and Rodi ͑1986͒ are among those who used LDV to measure the boundary shear stress from the velocity gradient inside the viscous sublayer.
From the linear distribution of the velocity close to the boundary within the viscous sublayer, the local boundary shear stress can be obtained as follows:
where =dynamic viscosity; y=distance from the channel bed; u =mean longitudinal local velocity; and 0x =local boundary shear stress.
In dimensionless wall coordinates, the distribution of velocity in the viscous sublayer can be written as follows:
where Y + = yu ‫ء‬ / ; and U + = u / u‫ء‬ with u ‫ء‬ = ͑ 0x / ͒ 1/2 with being the mass density of the fluid. This equation may be valid up to
The average boundary shear stress can be estimated as follows:
where P=wetted perimeter of the boundary; and N=number of increments. Dimensional analysis together with the Darcy-Weisbach formula provide a relationship between the friction factor f and the boundary shear stress. This relationship can be described as follows:
͑5͒
In addition to the previous method, the friction factors were also estimated from the one-dimensional equation for spatially varied flow with increasing discharge ͓Eq. ͑1͔͒, using the measured water surface slope. Eq. ͑1͒ can be rearranged to express the friction factor:
Experimental Arrangement
Figs. 1 and 2 show the longitudinal and plan view of the flume and lateral inflow devices. The experimental equipment used in this study included a flume and circulating system, lateral inflow generator, a LDV, and a traversing system. The experimental arrangement is described in the following.
Flume and Lateral Inflow Devices
The flume was 0.4 m wide by 7.5 m long. The side walls were 0.20 m high. The flume was made of 10-mm-thick perspex. A fine screen was mounted at the entrance to the flume to ensure an evenly distributed flow entered the channel. An electromagnetic flux flowmeter was used to measure the flow rate entering the flume. The lateral inflow was provided by 16 nozzles, hoses, a supporting frame, 8 flowmeters, and a pump. An even flow distribution was achieved through the nozzles with a maximum estimated error of ±4.0% ͑Khiadani 2000͒.
Laser Doppler Velocimeter System
The measurements were carried out using a two-color fiber-optic LDV with an IFA 750 signal processor ͑digital burst correlator͒ and processing software. The LDV system was operated in backscattering mode and could detect flow reversal. The following processor setup was chosen for the reported measurements: random mode with time stamp, burst transit time weighting, processor control target efficiency of 55%, and medium signal-to-noise ratio. Fig. 3 shows different components of the LDV system. The optical specifications of the LDV are presented in Table 1 .
The fiber-optic probe was mounted on a mechanical traverse system, which was capable of accurately positioning the fiberoptic probe over the length, width, and height of the flume. In normal operation, a positioning accuracy of ±0.5 mm was achievable. Fine placement of the probe was achieved using a dial gauge with an accuracy of ±0.005 mm. During the testing program the flow was seeded with hollow glass spheres with an average particle size of 10 m to increase the data collection rate for the LDV. For each measurement around 5,000 data points were collected over a period of about 5 mins. The data rate varied from 10 to 50Hz depending on the location of measurements. For data collected at each position signal bursts were monitored using an oscilloscope. In addition during data postprocessing checks on the data were undertaken to make sure data were not noise contaminated. Further details of the experimental setup are given in Khiadani ͑2000͒.
Uniform Flow Tests
To ensure that the flume and the measuring instruments had been set up accurately two velocity profiles were measured in the center of the channel, 4,575 mm from the upstream end of the channel. The discharge in the flume was constant with no lateral inflow. The flow conditions under which these tests were conducted are given in Table 2 . 
Spatially Varied Flow Tests
The spatially varied flow experiments included two data subsets, termed Series AN and BN. Table 3 indicates the flow conditions for each series. A base flow of 5 L / s was provided in the flume for both Series AN and BN. The base flow is the discharge in the flume upstream of the zone of lateral inflow. The nozzle flow rate from Series AN to BN was increased by 32%. For each series, the water surface profile was measured at 100 mm intervals from the upstream to the downstream ends of the lateral inflow zone using a needle depth gauge with a reading accuracy of ±0.05 mm. The flow depth for each series was measured about 70 mm away from the centerline of the flume to avoid any flow disturbance effects due to the nozzles discharging along the centerline. The flow depths across the flume width were also measured at selected locations to measure variation of depth across the flume width. However, no measurable difference was recorded.
The locations of cross sections where local boundary shear stresses were obtained are shown as dotted lines in Fig. 4 . Fig. 5 shows a three-dimensional view of the cross sections and the locations where the boundary shear stresses were obtained. Measurements were taken for half of the cross section because the flow conditions were symmetrical across the centerline of the flume. The nozzles discharged normal to the flume floor and along the flume centerline. The symmetrical flow conditions were verified by measuring the velocity profiles, u, at three pairs of symmetrical positions, with respect to the channel centerline, at x = 4,950 mm. The nozzle flow rates and base flow were 0.25 and 5 L / s, respectively. The maximum asymmetry was found to be 6.0% of the nozzle average velocity, V n .
Within the lateral inflow zone, between x = 4,590 and 4,750 mm, except for the cross sections located between x = 5,501.5 and 5,747.5 mm, the measurements were taken in the middle of two consecutive nozzles. For each cross section, the local boundary shear stresses at the bed were measured across half of the flume cross section at eight spanwise positions, 2z / B = 0, 0.125, 0.25, 0.375, 0.5, 0.625, 0.75, and 0.825. At the flume sidewall the measurements were taken at 10 mm intervals beginning at the bed. For the cross section at x = 7,050 mm, no measurement was performed at the channel sidewall. This was due to the blockage of the laser beams by the flume-supporting frame. To explore the distribution of boundary shear stresses between two consecutive nozzles, the measurements between x = 5,501.5 and 5,747.5 mm were performed at 20 mm intervals starting from x = 5,501.5 mm. For these cross sections, the local boundary shear stresses at the bed were measured across the width of the flume at three spanwise locations 2z / B = 0.0, 0.375, and 0.75. No measurement was taken at the flume sidewall for these sets of experiments.
For each measurement position, the longitudinal velocity, u, was measured at 0.05, 0.075, 0.1, 0.125, 0.15, and 0.20 mm from the boundary. The velocities at the channel bed were measured by placing the laser probe beside the sidewall ͑guiding the laser beam from sidewall͒. On the other hand the laser probe was placed under the flume for measuring the velocity at the sidewall ͑see Fig. 3͒ . This arrangement enabled measurements very close to the channel bed. For measurements in the viscous sublayer only the green laser light was used. The boundary shear stress was estimated by fitting a least squares straight line to the near wall data. For a limited number of locations, one or two measured data points close to the boundary were excluded from the least squares procedure. It was suspected that these outlier measurements were due to noise effects. Table 2 shows the experimental configurations for conditions where there is no lateral inflow to the channel. The shear velocity, u ‫ء‬ , has been estimated from the velocity profile within the viscous sublayer. The shear velocity, u‫,ء‬ was also estimated from a best fit of the log law within the inertial sublayer ͑y / h Ͻ 0.2͒. The difference between the two approaches was within 2%. The velocity profiles are plotted in 
Results

Uniform Flow Results
Spatially Varied Flow Results
Water surface profiles for the spatially varied flow tests are presented in Fig. 7 . Table 4 presents the mean flow conditions at various locations for each profile. Velocity profiles measured within the viscous sublayer ͑to obtain the local boundary shear stress͒ are presented in Khiadani ͑2000͒. Fig. 8 shows typical measured velocity profiles at cross section x = 5,993.5 mm under conditions in which the flow rate, qn, from each nozzle was 0.25 L / s.
For Series AN and BN, Fig. 9 illustrates the distribution of the normalized bed shear stress, b / 0x , and the normalized wall shear stress, w / 0x , that were measured upstream, within and down- stream of the lateral inflow zone. 0x is the average shear stress over the wetted perimeter. The normalized bed shear stress, is plotted against the normalized transverse distance, 2z / B, and the normalized wall shear stress is plotted against y / h. Fig. 9 shows that at x = 4,575 and 7,050 mm, the variation of the normalized bed shear stress in the transverse direction is not significant in comparison with other sections. The cross section at x = 4,575 mm corresponds to a distance 127 mm upstream of the center of the first nozzle and the cross section at x = 7,050 mm corresponds to a distance 502 mm downstream of the lateral inflow zone ͑from the center of the most downstream nozzle͒. Note that even when the flow out of each nozzle has increased by 32%, there is no sign of influence of the lateral inflow on the normalized bed shear stress at these locations. For other cross sections shown in Fig. 9 , the normalized bed shear stress, b / 0x , decays with increasing values of 2z / B. In other words, for a particular cross section in which the measurements are conducted at the center of two consecutive nozzles, the normalized bed shear stress has a maximum value at the channel centerline, then it reduces toward the channel wall. The transverse variation of the normalized bed shear stress is notable up to 2z / B = 0.50. However, further downstream in the channel the transverse variation of b / 0x is less pronounced. To see this effect more clearly, for each transverse location, the longitudinal variation of b / 0x is plotted in Figs. 10 and 11 for Series AN and BN, respectively. As can be seen from these plots, for 2z / B = 0.0, 0.125, and 0.25 the normalized bed shear stress increases as the lateral inflow zone is approached, then decreases ͑overall͒ in the downstream direction. For 2z / B = 0.375 and 2z / B = 0.50, the normalized bed shear stress, b / 0x , does not vary significantly along the length of the lateral inflow. One may expect the normalized bed shear stress to also increase due to the increase of mean velocity in the downstream direction. However, for 2z / B = 0.625, 0.75, and 0.875, the normalized boundary shear stress, b / 0x increases slightly in the downstream direction. Such behavior may be due to the influence of lateral inflow at the various measurement positions. Again, a comparison of Series AN and BN indicates that an increase of lateral inflow by 32% has not significantly influenced the distribution of normalized bed shear stresses.
The bed shear stresses were also measured in detail between two consecutive nozzles from x = 5,501.5 to 5,747.5 mm. As pointed out earlier, measurements were conducted at 2z / B = 0.0, 0.375, and 0.75 in the transverse direction. The measured bed shear stresses between these nozzle positions are given in Fig. 12 . It can be seen that at the channel centerline, 2z / B = 0.0, the measured bed shear stresses start to decrease as we move toward the nozzle. The stresses become negative slightly upstream of the nozzle axis. Then they increase to a maximum value downstream of the nozzle. A similar pattern can be seen for the next downstream nozzle. The negative values of the bed shear stresses in these regions are an indication of reverse flow. This implies that It is also interesting to note that there is no significant difference in the measured bed shear stresses for the two different lateral inflow rates that were tested. This may be due to the small difference between the relative magnitude of the nozzle velocity, at the water surface, compared to the channel mean velocity, U L / U, as well as the small variation of flow depth. As an example, at x = 5,501.5 mm the velocity ratios U L / U for q n = 0.25 and 0.33 L / s are 2.65 and 2.72, respectively. The difference is only 2.6%. At this location, due to the increase in flow rate, the flow depth has increased by around 10%. Due to the small difference in velocity ratio the influence of this parameter cannot be determined, but this may be an area of further investigation.
Distribution of Mean Boundary Shear Stress
The distribution of the mean boundary shear stress in open channel flows, and in particular in spatially varied flow, is very impor- For such analysis, the friction slope, S f = 0x / ␥R, which directly relates to the average boundary shear stress, needs to be evaluated. For Series AN and BN the mean boundary shear stresses for the channel bed, b , the channel wall, w , and the channel wetted perimeter, 0x , are estimated and plotted in Figs. 13 and 14.
In these figures the mean wall shear stress, w , continuously increases along the lateral inflow zone. This may be explained by the fact that the mean velocity of the flow increases, due to the lateral inflow, in the downstream direction of the channel. It can also be seen that the mean bed shear stress, b , increases rapidly as flow approaches the lateral inflow zone. This increase in b continues through the lateral inflow zone until it reaches a maximum at the downstream end of the inflow zone.
A comparison of the mean wall and the mean bed shear stresses using Series AN and BN in Figs. 13 and 14 indicates that the mean bed shear stresses are considerably higher. To give a quantitative indication of the difference, 50% error bars for the mean bed shear stresses, b , are plotted. The bed shear stress, b , is 30-60% greater than w . A direct comparison with Knight and Patel ͑1985͒ is not possible as their experiments were for uniform open channel flow conditions in channels that were significantly different from the type used in this study. However, Knight and Patel ͑1985͒ found the relative magnitude of the bed to the wall shear stress depends on the channel aspect ratio, B / h and as B / h increases, b / w increases. Their results indicated that b is 1.5%
͑for B / h Ϸ 1͒ to 51% ͑for B / h Ϸ 10͒ greater than w . For the tests conducted in this study the ratio of the channel width to depth, B / h, varied from 6 to 9.
Darcy-Weisbach Friction Factor
For the spatially varied flow experiments conducted in this study, the estimated friction factors from the velocity measurements close to the channel boundary are plotted against the Reynolds number in Fig. 15 . As a guide, estimated friction factors from the equation for spatially varied flow with increasing discharge ͓Eq. ͑6͔͒ are also plotted. The lines representing the Blasius and the Keulegan equations are also given. The results indicate that along the lateral inflow zone the friction factor decreases as the Reynolds number increases.
The Blasius equation gives reasonable predictions for channels that do not receive lateral inflow. It also gives reasonable predictions in the portions of the channel upstream and downstream of zones of lateral inflow. The Blasius equation was derived from experiments in wide rectangular channels with uniform flow.
In the lateral inflow zone for channels receiving lateral inflow, the friction factors are significantly higher than the Blasius equation and even the Keulegan equations. Note the Keulegan equation was derived from Beij's experiments in a narrow channel with a varying lateral inflow rate. Beij carried out his tests in a 9.63 m long by 0.152 m wide rectangular cross-section channel. The channel slopes were S 0 = 3.12, 2.08, 1.04, and 0.52%. The 
͑8͒
The estimated friction factors from the equation for spatially varied flow with increasing discharge ͓Eq. ͑6͔͒ are considerably larger than those estimated from velocity measurements. This may be due to the assumptions required in the derivation of the one-dimensional equation for spatially varied flow with increasing discharge. In Eq. ͑6͒ it is assumed that the distribution of velocity is uniform, the pressure distribution is hydrostatic, the secondary flow influence is not significant, and the effects of turbulence can be ignored. The estimated friction factors may have compensated for the assumptions that have been made in the derivation of the spatially varied flow equation ͓Eq. ͑6͔͒. Note that estimating the friction factor from the spatially varied flow equation requires knowledge of the water surface profile. Although this is useful for research purposes, it has limited application as a design tool. It is intended to further investigate the nature of this 
Conclusions
The experimental data indicate that the local boundary shear stresses are significantly influenced by lateral inflow. The impact of lateral inflow on the distribution of boundary shear stress extends for some distance from where lateral flow joins the channel. Flow reversal is present where the nozzle flow impinges the channel bed.
The mean shear stresses, b , w , and 0x , increase along the lateral inflow zone with a minimum value at the upstream end and a maximum value at the downstream end. The mean bed shear stresses, b , are always greater than the mean sidewall shear stresses, w , which vary between approximately 30 and 60% of b .
Logarithmic plots of the friction factor f versus the Reynolds number, R, indicate that the friction factor f depends on the Reynolds number, for the range 9,500Ͻ R Ͻ 22,000. The friction factor generally increases as the Reynolds number decreases. The Blasius equation gives reasonable predictions for channels that do not receive lateral inflow and in the portion of the channel upstream and downstream of the lateral inflow zone. The estimated friction factors derived from measurements collected in this study are considerably larger than the values estimated from the Keulegan equation. The estimation of friction factors from the equation for a one-dimensional equation for spatially varied flow ͓Eq. ͑6͔͒ does not give the correct value. It was found that the estimated friction factors from the spatially varied flow equation were considerably larger than those estimated from velocity measurements. This is possibly due to various simplifications in deriving the spatially varied flow equation. This highlights the caution required when using these equations as they do not always describe friction loss in steady, spatially varied flow with increasing discharge.
Further research is required to explore both the distribution of boundary shear stress and the variation of friction factor over a wide range of flow conditions.
Notations
The following symbols are used in this paper:
A ϭ cross-sectional area; B ϭ channel width at bed; D ϭ hydraulic depth defined as D = A / T; d m ϭ measurement volume diameter corresponding to the laser beam crossing region; F ϭ Froude number; f ϭ Darcy-Weisbach resistance coefficient; g ϭ gravitational acceleration; h ϭ depth of flow section; K ϭ pressure correction factor; l m ϭ measurement volume length corresponding to the laser beam crossing region; n ϭ Manning's roughness coefficient; P ϭ wetted perimeter; p ϭ pressure; Q ϭ main flow discharge; q ϭ lateral flow rate per unit length of channel; q n ϭ flow rate for each nozzle; R ϭ Reynolds Number, defined as R = UR / ; R ϭ hydraulic radius; S f ϭ friction slope; S 0 ϭ channel bed slope; U ϭ mean longitudinal local velocity; U L ϭ velocity of lateral inflow at the water surface; u ϭ mean longitudinal local velocity; u‫ء‬ ϭ shear velocity; V n ϭ mean velocity of the nozzles where the flow leave nozzle; x , y , zϭ coordinates measured from origin; ␣ ϭ U L / U; ␤ ϭ momentum coefficient; ␥ ϭ specific weight of the fluid; ϭ angle between channel bottom and horizontal plane; ϭ dynamic viscosity; ϭ kinematic viscosity; ϭ mass density of the fluid; b ϭ local streamwise bed shear stress; w ϭ local streamwise side wall shear stress; 0x ϭ local streamwise boundary shear stress or wall shear stress on bed and side wall of the channel; b ϭ average bed shear stress; w ϭ average wall shear stress; and 0x ϭ average boundary shear stress or wall shear stress on bed and side wall of the channel;
ϭ angle between velocity vector of lateral flow and the direction of main channel flow.
